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Abstract. We prove that every local derivation on a finite-dimensional semisimple Lie 
algebra over an algebraically closed field of characteristic zero is a derivation. We also give 
examples of finite-dimensional nilpotent Lie algebras L with dim L > 3 which admit local 
derivations which are not derivations. 
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1. Introduction 

In 1990, Kadison [9] and Larson and Sourour [10] introduce the following eoneept of 
local derivation: let X be a Banaeh A-bimodule over a Banaeh algebra A, a linear mapping 
A : A —)■ X is said to be a local derivation if for every x in A there exists a derivation 
Dx A ^ X, depending on x, satisfying A(x) = D^ix). 

The main problems eoneerning this notion are to find eonditions under whieh loeal deriva¬ 
tions beeome derivations and to present examples of algebras with loeal derivations that 
are not derivations [4,9,10]. Kadison proves in [9, Theorem A] that eaeh eontinuous loeal 
derivation of a von Neumann algebra M into a dual Banaeh M-bimodule is a derivation. 
This theorem gave rise to studies and several results on loeal derivations on C*-algebras, eul- 
minating with a definitive contribution due to Johnson, whieh asserts that every eontinuous 
loeal derivation of a C*-algebra A into a Banaeh A-bimodule is a derivation [8, Theorem 
5.3]. Moreover in his paper, Johnson also gives an automatie eontinuity result by proving 
that loeal derivations of a C*-algebra A into a Banaeh A-bimodule X are eontinuous even if 
not assumed a priori to be so (of. [8, Theorem 7.5]). 

Investigation of loeal derivations on (non neoessarily Banaeh) algebras of unbounded op¬ 
erators were initiated in papers [ 1 ] and [2] . 

The paper [1] is devoted to the study of loeal derivations on the algebra S(M, r) of all r- 
measurable operators affiliated with a von Neumann algebra M and a faithful normal semi- 
finite traoe r. One of main results in the mentioned paper presents an unbounded version of 
Kadison’s Theorem A from [9] and it asserts that every loeal derivation on S(M, r) whieh 
is eontinuous in the measure topology automatieally beeomes a derivation. In partieular in 
the ease of the type I von Neumann algebra M all sueh loeal derivations on S(M, r) are 
inner derivations. Moreover for type I finite von Neumann algebras without abelian direct 
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summands as well as for von Neumann algebras with the atomie lattice of projections, the 
continuity condition on local derivations is redundant. In [2] it was proved that each local 
derivation on the so-called non commutative Arens algebras affiliated with a von Neumann 
algebra M and a faithful normal semi-finite trace r is automatically a derivation. 

The paper [1] also deals with the problem of existence of local derivations which are not 
derivations on algebras of measurable operators. The consideration of such examples on 
various finite- and infinite dimensional algebras was initiated by Kadison, Kaplansky and 
Jensen (see [9]). In [1] this problem has been solved for a class of commutative regular 
algebras, which include the algebras of measurable functions on a measure space. Namely 
necessary and sufficient conditions were obtained for the algebras of measurable and r- 
measurable operators affiliated with a commutative von Neumann algebra to admit local 
derivations that are not derivations. 

In [3] we initiated the study of derivation type maps on non associative algebras, namely, 
we investigated so-called 2-local derivations on finite-dimensional Lie algebras, and showed 
an essential difference between semisimple and nilpotent Lie algebras in the behavior of their 
2-local derivations. 

The present paper is devoted to local derivation on finite-dimensional Lie algebra over an 
algebraically closed field of characteristic zero. 

After preliminaries we prove in Section 3 the main result of the paper which asserts that 
every local derivation on a finite dimensional semisimple Lie algebra over an algebraically 
closed field of zero characteristic, is automatically a derivation. In Section 4 we give ex¬ 
amples of nilpotent Lie algebra (so-call filiform Lie algebras) which admit local derivations 
which are not derivations. 


2. Preliminaries 

All algebras and vector spaces considered in the paper are over an algebraically closed 
field F with zero characteristic. 

Let /C be a Lie algebra. The center of L is denoted by Z(£) : 

Z{L) = {x e £ : [x,i/] = 0, Vy e £}. 

A Lie algebra L is called nilpotent (respectively solvable) if = {0} (respectively, if 
= {0}) for some integer k, where (respectively, = L, 

k> 1. It is clear that nilpotent Lie algebras are solvable. 

Any Lie algebra £ contains a unique maximal solvable ideal, called the radical of £ and 
denoted Rad£. A non trivial Lie algebra £ is called semisimple if Rad£ = 0. This condition 
is equivalent to requiring that £ have no nonzero abelian ideals. 

A derivation on a Lie algebra £ is a linear map ZJ : £ —)■ £ which satisfies the Leibniz 
rule, that is 

D{\x,y\) = [D{x),y] + [x,D{y)] 

for dX\x,y G L. The set of all derivations of a Lie algebra £ is a Lie algebra with respect to 
commutation operation and it is denoted by Der£. For any a G L, the map ad (a) : £ — )■ £ 
defined as ad(a)(x) = [a,x],x G £, is a derivation, and derivations of this form are called 
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inner derivation. The set of all inner derivations of £ denoted adL is an ideal in Der£. It is 
well known that any derivation on a finite-dimensional semisimple Lie algebra is inner. 

Recall that a linear map A :£—)■£ is called a local derivation if for every x G £, there 
exists a derivation '■ ^ L (depending on x) such that A(x) = D^^x). 

3. Local derivations of finite-dimensional semisimple Lie algebras 

The main result of this paper is the following theorem. 

Theorem 3.1. Let L be a finite-dimensional semisimple Lie algebra. Then any local deriva¬ 
tion A on L is a derivation. 

A Cartan subalgebra fif of a semisimple Lie algebra £ is a nilpotent subalgebra which 
coincides with its centralizer: C(!K) = {x G £ : [x,h] = 0, Wh G TC} = fif. 

A Cartan subalgebra fif of a finite-dimensional semisimple Lie algebra £ is abelian, i.e. 
[x, y] = 0 for all x, r/ G TC. 

From now on in this section, we fix a semisimple Lie algebra £ and a Cartan subalgebra 

c £. 

We will essentially use the following decomposition of finite-dimensional semisimple Lie 
algebras (see for details [6], [7]). 

There exists a decomposition for £, called the root decomposition 

£ = TC 0 £q,, 

aGR 

where 

£„ = {x G £ : [h, x] = a{h)x, W h E TC}, 
i? = {a G fif* \ {0} : £„ ^ {0}} 

and TC* is the space of all linear functionals on fif. The set R is called the root system of £, 
and subspaces £„ are called the root subspaces. 

The above decomposition has the following important properties: If for each a E Rsnq 
take a non zero element G £„, then 

(a) [ca, efi = na^pCa+y, if a 0 /9 7 ^ 0 is a root, where 0 na,y E F; 

(b) [ca, C/j] = 0, if a + 7 ^ 0 is not a root; 

(c) [bq,, e_Q,] /iq, G TC, 

(d) La = Fco for all a E R. 

From the definition of the root subspaces it follows that 

[h, Ca] = a{h)ea for all /i G fif, a G R. 

There exists a basis i? = {a i,...,«/} of Tf* such that any root a G i? is a linear combi¬ 
nation of the {ai}i<i<i with integer coefficients (see [7]). 

From now on we fixed co-called Chevalley basis {/i* = /Iq. : z G 1, /} U {ca : a E Rj in 
£ with the property that all structure constants are integers, in particular, a(hi) is integer for 
all a E R, i E 1,1 and Uap is also integer for all a, (3 E R with a-\- fi E R. 
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Recall that a Lie algebra is simple if it has no non-trivial ideals and is not abelian. Any 
semisimple Lie algebra is the direct sum of its minimal ideals, which are canonically deter¬ 
mined simple Lie algebras. 

The following algebras are simple finite-dimensional Lie algebras: 

• An : s[„+i(F), the special linear Lie algebra; 

• Bn : 502n+i(F), the odd-dimensional special orthogonal Lie algebra; 

• Cn : 5 p 2 n(F), the symplectic Lie algebra; 

• Dn : S 02 n(F), the even-dimensional special orthogonal Lie algebra. 

These Lie algebras are numbered so that n is the rank, i.e. the dimension of Cartan subalge¬ 
bra. These four families, together with five exceptions (ce, C 7 , Cg, f 4 and 02 ), are in fact the 
only simple Lie algebras over an algebraically closed field of characteristic zero (see [7]). 

The proof of Theorem 3.1 consists of three steps. In the first step we will show that any 
local derivation A on semisimple Lie algebra can be represent in the form 

A = T -I- ad(a), 

where T is a local derivation such that T|ji: = 0 and a E L. 

Let us rewrite a root decomposition of L as 

7 j = Li © £ 12 , 

where Li = H, £2 = span{eQ : a E R}. Then any local derivation on £ can be represent as 
2 X 2-matrix of the following form: 

/ All Ai2 \ 

\ A21 A22 ) ’ 

where Aij maps £j into £i for all 1<^,7 < 2 . 

Let {hi, • • • , /i;} be a basis of TC. For 

i 

X ^ ^ ^ihi © ^ ^ 

i=l a£R 

we denote 

Xi = Aj and Xa = Aq, 

for all i El,l, a E R. 

For any hk {1 < k < 1) take an element a = ha + 07^^67 (depending on hj.) such that 

■yGR 

A{hk) = [a, hk\. Since 


A(/ifc) [ci, hk\ 


ha © ^ ^ ^^ 7 ) kk 

7GR 


■yeR 


it follows that A{hk)i = 0 for all i E 1,1. This means that An = 0. We also see that 
A 21 = {ay,k ), where a.y^k = On'^l{hk) for all 7 G i?, fc G 1, 1. So, the matrix of A has the 
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following form 

(3.1) 


0 Ai2 
A 21 A 22 


Lemma 3.2. For every y E R there exist E ¥ and integers r^^i, i = 1, • • ■ ,l such that 
07,4 = r-y^id^for all i. 

Proof. Let 70 G i? be a fixed root. Since {/ii, • • • , is a basis of "K, there exists k E 1,1 
such that yo{hk) f 0. Set 

7 _ ^70.^ 

For i Y k put h = yYhfjhi — 7 o(/ij)/ifc. Using (3.1) we obtain that 

® 7 o,iTo((^fc) ®7o,fcTo((^i) ®7o,iTo((^fc) d-)/Q70 ((^A:)T 0 ((^i). 

On the other hand, we can find an element b (depending on hf) such that A{hk) = [b, hk]. 
Then 


A(/i)7o [b, h^Q 


70 


hb + '^ byCy, 'yo{hk)hi - yoQifjhk 
7GR 

= -b-yolo{hk)'yo{hi) + by^yo{hi)yo{hk) = 0 . 

Therefore 

1^70 To ((^0^70 

for alH = 1, • • ■ ,1. Since we use Shevalley basis, it follows that all 7o(/ii) are integers. The 
proof is complete. 

Set 

i 

(3.2) ho = J2t’'hk, 


□ 


k=l 


where f is a fixed algebraic number from F of a degree bigger than I = dim TC. 
Lemma 3.3. Suppose that A (ho) = 0. Then A\h = 0. 

Proof. It is suffices to show that A 21 = 0 for the matrix of the local derivation A. 
For any y E R'we have 

i i i 

0 = A{ho)y = 'y^^ay^kt^ = 'y^J'y^kdyt^ = dy'^^^Cy^kY^. 


k=l 


k=l 


k=l 


Since Vy^i, • • • , Vy^i are integers and the degree of the algebraic number t is bigger than I, it 

i 

follows that Ty^kt^ Y 0- Therefore dy = 0, i.e. Oy^k = 0 for all 7 and k. This means that 

k=l 

A 21 = 0. The proof is complete. □ 
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Let US take an element a such that A(/io) = [a, ^o]- Set 

(3.3) T = A-ad(a). 

By Lemma 3.3 we have that T\j^ = 0. 

Now we are in position to pass to the second step of our proof. In this step we show that 
if a local derivation A annihilates a Cartan subalgebra !K, then it leaves invariant the root 
subspaces. 

Let us first consider local derivations on a Lie algebra which is a direct sum of algebras 

s[„,+i(F), where ni, • • • ,nk eN. 

Lemma 3.4. Any local derivation A on sln+i(F) is a derivation. 

Proof. Let A be a local derivation on sl„+i(F). Let us extend A on g[„_,_^(F) by 

Ao(a;) = A(a; - tr(a;)l), x e gl„+i(F), 

where 1 is the identity matrix in 0 [„_,_i(F) and tr is the trace on gl„_,_i(F) with tr(l) = 1 . 
Since 

Ao(a;) = A(a; - tr(a;)l) = [a^-tr(:r)i, a; - tr(a;)l] = [a^-tr{x)i, x], 

it follows that Aq is a local associative derivation on M„+i(F). By [4, Theorem 2.3] we 
have that Aq is an associative derivation and therefore a Lie derivation. Hence A is also a 
derivation. The proof is complete. □ 

Suppose that L = 0™ ^ is a direct sum of semisimple Lie algebras £*. Since the center 
of semisimple Lie algebra L is trivial, [5, P. 9, Theorem 1] implies that 

m 

Der(£) = 0Der(Ai)- 

i=l 

Thus any local derivation A on £ can be decomposed as 

A = Ai + ■ ■ ■ + Am, 

where A* is a local derivation on £, for all i G 1, m. 

This property together with Lemma 3.4 imply the following result. 

m 

Lemma 3.5. Any local derivation A on 0 s[„;+i(F) is a derivation. 

i=l 

Let a, I3 e R. There exist integers p and q such that all 

f3 - pa, ■ ■ ■ ,l3 + qa 

are roots, and this finite sequence is said to be a-string through /3. The a-string through 
contains at most four roots (see [ 6 ]). 

Lemma 3.6. Let An. be a local derivation such that ^\h = 0 . Then A maps span {ha, Ca, e_a} 

into itself for all a E R. Moreover 

(3.4) 

for some Ca G F. 


A(ej-(,j) ACaCj-a 
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Proof. Let a E R. 

We are going to show that A(eo)-y = 0 for all 7 G i? with 7 f ±a. 

Take an element a = ha + Yl, ^ 7^7 (depending on e^) sueh that A(ea) = [a, Ca]. Then 

7 G-R 

(3.5) A(eQ,) = a{ha)ea — Cl-aha + a.yn^^aGryj_a- 

y+aGR 

This equality implies that A{ea)'y = 0 if 7 7 ^ ±a and 7 — a is not a root, beeause 7 can 
not be represented as a sum 7 = 7' + a. 

Now let /9 be a root such that /) + a is also a root. 

It is suffices to consider the following three possible cases. 

Case 1. The o-string through (3 contains 2 roots. Without loss of generality we can assume 
that (3, (3 + a E R and (3 — a ^ R. Then the equality (3.5) implies that 

(3.6) A(e„)^ = 0. 

Since a 7 ^ 0, there exists an element h E H such that 

I3{h) = 1 and (/) + a){h) = 0. 

Take an element b E A such that 

A(/l + Cq,) = [b, h 6a]. 

Taking into account that (3{h) = 1 and {(3 + a){h) = 0, we obtain 

(3.7) A{h + 60)0 = -bp, 

(3.8) A{h T 6a3)p^a bpTLp a- 

Recall that A{h + Ca) = A(ea). Then (3.6) combined with (3.7) gives us bp = 0. Thus from 

(3.8) it follows that 

A(/i 6 a')p.\-a 0- 

Again the equality A{h + Cq.) = A{ea), implies that 

A(e(j)^_i_(j 0 . 

Case 2. The a-string through f3 contains 3 roots (3, (3 + a, (3 + 2a E R. As in the previous 
case we obtain that 

(3.9) A{ea)p = A{ea)p+a = 0. 

Now take an element h E H such that 

{/3 + a){h) = 1 and {f3 + 2 a){h) = 0. 

Let c be an element such that 

A{h + Ca) = [c,h + ea\. 

Using the definition of the element h from the last equality we obtain 

(3.10) A{h +ea)p =-2cp, 


8 


AYUPOV AND KUDAYBERGENOV 


(3.11) /\{h -j- c-a)pjf-Qi c^-i-Q, 

(3.12) A(/l -|- Ca)l3+2a C^+a^/3+a,a' 

Combining (3.9), (3.10), (3.11) and (3.12), we get C/ 3 +q, = 0 and A{h + ea)i 3 + 2 a = 0. Sinee 
A{h + Cq) = A(eQ,), it follows that A{ea)p+ 2 a = 0. 

Case 3. /3,/3 + a,/3 + 2a,/3 + 3a G R. The proof is similar to the previous oases. 

So, A(e±Q,)..), = 0 for all 7 G i? with 7 7 ^ ±a. This means that A(e±Q,) G span {/iq, Cq, e_a} . 
Thus A|span{h„,ec,e_c} SL looal derivation on span {/iq,, Cq,, e_a,} = 3 ( 2 ( 1 ^), and therefore 
Lemma 3.4 implies that A|span{ft,c.,e„,e_„} is a derivation. Since A{ha) = 0, there exists 
c G F such that A|span{h„,e^,e_,} = ad{cha). Therefore 

A(e±„) = [cha,e±a\ = ±CQ!(/i„)e±„. 

The proof is complete. □ 

In the third step we consider local derivations on the algebras S 05 (F) and 92 . 

Let a be an element from (3.3). In the proofs of the following two Lemmas replacing, if 
necessary, the local derivation A by A — ad(a), we may assume that A|j<; = 0. 


3.1. Local derivations on 305 (F). 

Lemma 3.7. Any local derivation on 305(F) is a derivation. 


Proof. Let {±a, ±/ 3 , ±(a + /?), ±(a + 2 / 3 )} be the root system of 305(F). 

Since a + 3/3 = (a + 2 / 3 ) + /3 is not a root, it follows that [cq,, ea+2/3] = 0 . Thus 


alg {e±„,e±(„+2/3)} = span {/i„,/ic^+2/3, e±a, e±(a+2/3)} = 3[2(F) © 3[2(F), 

where alg(S') is the Lie subalgebra of 305 (F) generated by a subset S C 305 (F). By Lemma 3.6 
A maps alg {e±a, e±(a+2/3)} into itself. Since 

alg {e±„,e±(„+2/3)} = 312(F) © 3(2(F), 

Lemma 3.5 implies that A| , r 1 is a derivation. Then there exists an element 

lalg|e±a,e±(„+2/3) j- 

h, e H such that = ad(/G), because is identically 

zero on a Cartan subalgebra of alg {e±„, e±(„+2/3)} . 

Set 


T = A -ad(/ii). 

Then 

T{e±a) = F(e±(o+2/3)) = 0. 

Let us show that 

T{e±i3) = T(e±(a+/3)) = 0. 

We have 


( 3 . 13 ) 


T(eQ + e/3 + e_(Q,+2/3)) — ^ 0^0 ■ 
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On the other hand 

T{ea + 6/3 + e_(Q+2/3)) = [b, Ca + + e_(a+2/3)] = 

= a{hb)ea + (3{hb)efs — (a + 2/3)(hb)e_(a+2/3) + 

+ *e/3+a + *ha + *e_/3 + 

+ *^l3+a + *Ga+2l3 + *^/3 + *6-o + *6-(a-l-/3) + 

+ *e_(a+/3) + *e_/3 + *ha+2l3, 

where the symbols * denote appropriate eoeffieients. We see that the last three rows in this 
equality does not eontain e^, and e_(a+ 2 / 3 ). Comparing the last equality with (3.13), we 


obtain that 
and 


a{hb) = (a + 2(3) (hb) = 0 


/i/3 = I3ihb). 

The first two equalities give us a{hb) = /3{hb) = 0, and therefore fip = 0. Thus 

T(e/3) = 0. 

In a similar way we obtain 

T(e_/3) = 0. 

Now we will eheck that 

T{e±(a+is)) = 0. 

We have 

T(e_a + Ca+fS + e_(Q+2/3)) = /ia-|-/ 36 a-l-/ 3 - 

On the other hand 

T(e_Q + Ca+p + e_(Q+2/3)) = [c, e_a + Ca+p + e_(a+2/3)] = 

= —a{hc)e-a + (a + f3){hc)ea+p — (o + 2/3)(hc)e_(a+2/3) + 

+ *ha + *6/3 + *e_a_/3 + 

+ *6a+2/3 + *6/3 + *6^ + */la-|-/3 + *6-/3 + 

+ *G-{a+P) + *6-/3 + *^q-|-2/3- 

As in the previous case comparing coefficients of , Ca+p and e_(^a+ 2 p) in the last two equal¬ 
ities, we obtain that 

a{hc) = (a + 2l3){hc) = 0 

and 

^^a+p (o -f- /3)(/?.c). 

The first equalities give us a{hc) = /3{hc) = 0, and therefore fj^a+p = 0. Thus 

T{ea+p) = 0. 

Similarly 

r(6-(«+/3)) = 0. 

So, we have proved that T = 0. Thus A = ad(hi) is a derivation. The proof is complete. □ 
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3.2. Local derivations on the exceptional Lie algebra 92 . 


Lemma 3.8. Any local derivation on 02 is a derivation. 


Proof. Let {± 0 , ±/9, ±(a + /3), ±(2a + /3), dz(3a + /3), ±(3a + 2/3)} be the root system of 
02- 

Since [e„, 63 ^+ 2 ^] = 0, it follows that 


{e±Q, e±(3Q+2/3)} — span h^a+2Pi e±o, e±(3Q+2/3)} — st 2 (lF) © 5 l 2 (lF). 

By Lemma 3.6 the local derivation A maps alg {e±a, e±( 3 a+ 2 / 3 )} into itself. Since 

nig e±(3Q,+2/3)} — Sl2(F) ® S[2(F) 

Lemma 3.5 implies that A| , r i is a derivation. Therefore there exists hi e H 

^ '^lg\>^±a,e±(3a+2/3)f 

such that A| , r i = adfhi). 

lalg|e±c.,e±(3c<+2/3)} ^ 

Set 


T = A-ad(hi). 


Then 

T{e±a) = F(e±(3Q,+2^)) = 0. 

Let us to show that 

T{e^) = 0, 

where a = ±/3, ±(a + /3), ±(2q; + /3), ±(3q! + (3). 

Let us consider the case a = ±(3. Then 


(3.14) 

On the other hand 


T{ea + Cjs + e_(3Q,+2/3)) — 


T(ea + + e_(3Q,+2/3)) — [c, Cq + + e_(3Q+2/3)] — 

= Oi{hc)ea + f3{hc)eii — (3a + 2/3){hc)e-(^3a+2i3) + 

© ^ ^ © ©'n.yj—( 3 q+ 2 / 3 ) 67—30—/?) • 

Direct computations shows that the third summand in the last equality does not contain ea, e /3 
and e_( 3 a+ 2 / 3 ) • Comparing these components with same components in (3.14), we obtain that 

Ci{hc) = (3a © 2(3){hc) = 0 

and 

dft (3{hc). 

The first equalities give us a{hc) = /3(hc) = 0, and therefore = 0. Thus T{eif) = 0. 

In the same way we obtain that T{e_)s) = 0. 

The remaining cases of a are similar and can be checked in the following order: 

±(2a © /3), ±(3a © /3), ±(a © (3). 

In these cases instead of Cq, © © e_( 3 Q,+ 2 / 3 ) we should use the following elements: 

e±/3 © e±(2a+/3) © e±(3a+2/3), e±/3 © e±(3Q:+/3) © e=p(3a+2/3), e±(3a+/3) © e±(a+/3) © Cip/?, 
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respectively. The proof is complete. □ 

Now we are in position to give the proof of the main result. 

The main ingredient of the proof is reduction of the general case to the case of rank 2 
simple Lie algebras. 

Proof of Theorem 3.1. Let A :£—)■£ be a local derivation and suppose that /iq ^ 3^ is the 
element defined by (3.2). Take an element a G A (depending on Hq) such that 

A(/io) = [a,ho]. 

Replacing, if necessary, the local derivation A by A —ad(a), we may assume that A(/io) = 0, 
and therefore by Lemma 3.3 Aj^^ = 0. 

Firstly note that A|;k is a derivation, because it is identically zero. 

Let us show that 

(3.15) A([/i, Ca]) = [A(/i), e„] + [h, A(e«)] 

for all G TC and a E R. Indeed, taking into account that Ajj^ = 0 and the equality (3.4) 
we have 

A([/i,e„]) = A(a(/i)e„) = a(/i)A(e„) = 

Cq [/l, Cq.] [/I, Cq/Cq.] 

= [h, A(e„)] = [A(/i), ef\ + [h, A(e„)]. 


Now we show that 

(3.16) e^]) = [A(e„), ep] + [e„, A(e^)] 

for all a,l3 E R. By Lemma 3.6 A maps alg {e±a, e±p) } into itself. 

It is suffices to consider the following four possible cases (see [7, R 44]): 

1 . alg {e±a, e±p)} = s[ 2 (F) © sl 2 (F); 

2 . alg {e±«,e±/ 3 )} = sl 3 (F); 

3. alg{e±«,e±^)} = S 05 (F); 

4. alg {e±«,e±/3)} = 92 - 

In the first two cases Lemma 3.5 implies that is a derivation and therefore A 

satisfies (3.16). 

In a similar way in the remaining two cases we can apply Lemmas 3.7 and 3.8, respec¬ 
tively. 

Finally, taking into account the linearity of A, the equalities (3.15) and (3.16), we obtain 

A([t:,i/]) = [A(x),i/] + [x, A(i/)] 


for all X, 1 / G A. The proof is complete. 


□ 
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4. Local derivations on filiform Lie algebras 

In this section we consider a special class of nilpotent Lie algebras, so-called filiform Lie 
algebras, and show that they admit local derivations which are not derivations. 

A Lie algebra L is called filiform if dim £^ = n — fc — Iforl < k < n — 1, where = £, 
^ k>i. 

Theorem 4.1. Let L be a finite-dimensional filiform Lie algebra with dim£ > 3. Then L 
admits a local derivation which is not a derivation. 

It is well-known [5, P. 58] that there is a unique three-dimensional filiform Lie algebra L 
with a basis {ei, 62 , 63 } and multiplication rule [ei, 62 ] = 63 . This Lie algebra is known as 
the Heisenberg algebra. 

Let /C be a n-dimensional filiform Lie algebra with n > 4. 

It is known [11] that there exists a basis {ei, 62 , • • • , 6 ^} of L such that 

(4.1) [ei,ei] = ei+i 

for alH G 2 , n — 1 . 

Note that a filiform Lie algebra L besides (4.1) may have also other non-trivial commuta¬ 
tors. 

From (4.1) it follows that { 6 ^+ 2 , • • • , e„} is a basis in for all 1 < fc < n — 2 and 

Cn ^ Z (/C). 

Since C = {0}, it follows that 

(4.2) [ei,e„_i] = 0 
for alH = 3, • • • , n. 

Now let us define a linear operator D on £ by 

(4.3) D XkC^ = aX2en-l + 
where a, fi G F. 

Lemma 4.2. A linear operator D on £ defined by (4.3) is a derivation if and only if a = fi. 

Proof. Suppose that a linear operator D defined by (4.3) is a derivation. 

Since [ei, 62 ] = 63 , we have that 

^([61,62]) = D{ef) = ficn- 
Now using (4.1) we obtain that 

[£)(ei),e2]-t-[ei,£)(e2)] = [0, 62]-f [ei, ae^-i] = ae„. 

Thus a = fi. 

Conversely, let D be a linear operator defined by (4.3) with a = fi. We may assume that 

a = fi = 1. 

In order to prove that D is a derivation it is sufficient to show that 

D{[ei,ej]) = [D{ei),ej] + [ei,D{ej)] 
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for all 1 < i < j < n. 

Case i + j = 3 . Then i = 1 , j = 2 and in this ease we can check as above. 

Case 2 . i + j > A. Then j > 3, and therefore [e,, ej] G C span{e 4 , • • • , e„}, which 
implies that 0([ej, ej]) = 0. 

Further [e*, D{ej)] = 0, because D{ej) = e„ G Z{L) or D{ej) = 0. 

Now let us to show that [D{ei), Cj] is also zero. We have 



□ 


Remark 4.3. It is easy to see that Lemma 4.2 is also true for the three-dimensional Heisen¬ 
berg algebra. 

Let /C be a n-dimensional filiform Lie algebra with n >3. Consider the linear operator A 
defined by (4.3) with a = 2, /? = 1. 

Lemma 4.4. The linear operator A is a local derivation which is not a derivation. 

Proof. By Lemma 4.2, A is not a derivation. 

Let us show that A is a local derivation. Denote by Di the derivation defined by (4.3) with 
a = (3 = 1. Let D 2 be a linear operator on C defined by 



Since L>2|[£,£] = 0 and L>2(C) C Z(C), it follows that 

D2{[x,y\) = ^ = [D2{x),y\ + [x,D2{y)] 
for all X, 1/ G C. So, D2 is a derivation. 


n 


Finally, for any x = Yh Xk^k we find a derivation D such that A(a;) = D{x). 


k=l 

Case 1. 0:2 = 0. Then 


A(a;) = X3en = Di{x). 


Case 2. X 2 7 ^ 0. Set 


D = 2Di +tD2, 
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where t = Then 

D{x) = 2Di{x) + tD 2 {x) = 2{x2en-i + + te 2 e„ = 

= 2 X 2 en-l + ( 2 X 3 + tX 2 )en = 2 X 2 en-l + XsCn = A(x). 

The proof is complete. 


□ 
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